We analyze the effect of atmospheric Kolmogorov turbulence on entangled orbital angular momentum states generated by parametric down-conversion. We calculate joint and signal photon detection probabilities and obtain numerically their dependence on the mode-width-to-Fried-parameter ratio. We demonstrate that entangled photons are less robust to the effects of Kolmogorov turbulence compared to single photons. In contrast, signal photons are more robust than single photons in the lowest-order mode.
, , l l p p C is given by [11, 12] 
0 w is the mode width, p is the number of nonaxial radial nodes of the mode, l is the OAM number. Atmospheric turbulence scatters the beam as it propagates, producing phase aberrations that perturb the entangled modes. In the weak turbulence regime, this can be considered as a pure
In the presence of turbulence the probability amplitude (2) becomes
Joint detection probabilities
The conditional probability of coincidence of photons with eigenvalues 1 l in the signal mode and 2 l in the idler mode is given as (
. Since the aberrations are random, taking the ensemble average gives the joint detection probability ( )
that a measurement of the OAM of the signal photon and the idler photons yields values 1 l and 2 l respectively. This probability is defined as 
where,
. Assuming the phase fluctuations to be a Gaussian random process, so that
such that ( ) ( ) 
Signal photon detection probabilities
The probability, ( ) 1 l P , for finding one photon with eigenvalue 1 l in the signal mode is obtained from the joint detection probability ( )
by summing over all idler modes. Thus, 
Results
We substitute (9) into (8) and evaluate the integrals in (8) numerically. In figure 1(a) we consider the probabilities for OAM measurements ( ) l P with single photons [7] . 0 l is the initial OAM, l is the final OAM, the initial and final mode indices 
. For a given value of l ∆ we observe a sharper increase from zero to a maximum and then a faster decay compared to that of single photons. for increasing values of 0 l . We observe a linear relation between ( ) max 0 0 / r w and l ∆ for single photons similar to Wien's displacement law describing blackbody radiation. However for entangled photons the relation is nonlinear.
Conclusions
We have quantitatively described the effects of Kolmogorov atmospheric turbulence on the joint detection probabilities of entangled OAM states. We examined the two distinct cases where momentum is conserved and when there is a momentum mismatch after propagation through the turbulent medium. The results demonstrate that when photon pairs conserve momentum the joint detection probability decays rapidly as atmospheric turbulence increases. It is found that the joint detection probabilities of entangled photons with lower total OAM decay less rapidly than those with higher OAM values. Furthermore, entangled photons with smaller mode widths are more robust to turbulence. Similar qualitative results have been obtained by Smith and Raymer [14] using a two photon wave function approach. Our results demonstrate that entangled signal and idler photons are more susceptible to turbulence than single photons. This fact that can be used to aid in the design of quantum communication systems utilizing data encoded onto the OAM of entangled beams. In the case where momentum is not conserved the joint detection probability rises to maximum and decays more rapidly than for single photons. The value of the mode width to Fried parameter ratio for which the single photon probability is a maximum scales linearly with the momentum mismatch. In the case of entangled photons the scaling is not linear. One possible application of the measurement of the detection probabilities when momentum is not conserved is the determination of turbulence in free-space optical communication systems. A measurement of the joint detection probabilities of a fixed value of l ∆ can be used to obtain ( ) max 0 0 / r w . Utilizing entangled photons for such measurements yields a more accurate value of the Fried parameter since the detection probabilities peak more sharply around ( ) max 0 0 / r w . Further investigation is required to determine the effect of anisotropic turbulence statistics on the joint detection probabilities.
We have also considered the effects of turbulence on the signal photon probabilities when momentum is conserved. It was found that the signal photon probabilities and unentangled single photon probabilities exhibited similar decay profiles except when 0 0 = l . In the special case of 0 0 = l , the signal photon probability decays more slowly with ( ) 0 0 / r w than the single photon probability. This shows that signal photons are more robust to the effects of turbulence than unentangled single photons. It indicates that information encoded onto the OAM of signal photons would be less susceptible to atmospheric scattering.
